Using a new scaling and a cut-off procedure, we show that φ 4 theory on a deformed noncommutative R 4 can be obtained from the corresponding theory on the fuzzy S 2 × S 2 . The star-product on this deformed R 4 is non-associative, and the theory naturally has an ultra-violet cut-off, Λ = 2/θ. We show that UV-IR mixing is absent to one loop, and that the β-function is the same as that of an ordinary φ 4 theory.
Noncommutative field theories provide a rich variety of interesting conceptual phenomena. The usual focus of research has been to try to understand the quantum behavior of theories defined on certain non-compact manifolds like R θ have received considerable attention not only because they arise in string theory, but also because of their peculiar formal properties like UV-IR mixing [1] . Theories on compact noncommutative manifolds possess the attractive feature that they are simply finite-dimensional matrix models, and thus hold out the hope that they correspond to regularized versions of quantum field theories on ordinary manifolds. However, problems like UV-IR mixing are still present, although in a form different from their noncompact counterparts [2, 3] . The fuzzy sphere S 2 F can be "flattened" (by scaling the radius R and the cut-off l to infinity) to give the noncommutative plane, and UV-IR mixing re-emerges in the usual form [4] .
Interestingly, as we will show in this article, if we start with a low energy sector (which we will define more precisely below) of the theory on S 2 F ×S 2 F , and simultaneously use a new scaling to flatten the spheres, we obtain a theory on a deformed R 4 θ (i.e. the star-product is non-associative) that has an ultra-violet cut-off Λ = 2/θ. Moreover, this theory shows no UV-IR mixing, as the noncommutative parameter θ and the UV cut-off Λ are intimately related.
The fuzzy sphere is described by three matrices x F i = θL i where L i 's are the generators of SU (2) for the spin l representation and θ has dimensions of length. The radius R of the sphere, θ and l are related:
and has the right continuum limit as l → ∞. Because of the noncommutative nature of S 2 F , there is a natural UV cut-off: the maximum energy Λ max is = 2l(2l + 1)/R 2 . To get the theory on a noncommutative plane, the usual strategy [4] is to restrict to the neighbourhood of (say) the north pole (where L 3 ≈ l), define the noncommutative coordinates as x N C 1,2 ≡x 
In this limit, Λ max clearly diverges.
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Here, we point out another scaling limit in which R, l → ∞ with noncommutative coordinates now given by X N C a = x F a / √ l, and θ = R/l fixed. This gives us
An immediate consequence of this scaling, as is obvious from the relation R 2 = θ 2 l(l + 1) is that Λ max is finite and of order 1/θ, and there are no modes in the theory above this value. In other words, this scaling gives a theory on a noncommutative R 2 where θ now has the physical interpretation of a UV cut-off, and thus making it appropriate for studying noncommutative field theories. It also ties in nicely with the properties of the star-product which acts like a cut-off, smoothly eliminating modes of characteristic length much smaller than θ [5, 6] .
While the scaling (3) for obtaining R 2 θ is simply stated, obtaining the corresponding theory is somewhat subtle. We will need to modify the Laplacian on the fuzzy sphere to project out modes of momentum greater than 2 √ l. In other words, the theory on the noncommutative plane with UV cut-off θ is obtained by flattening not the full theory on the fuzzy sphere, but only a "low energy" sector.
To get R 4 θ (which is our primary focus in this article), we work on S 2 F × S 2 F and then take the scaling limit with θ = R/l fixed. By analogy with (1), the scalar theory with quartic self-interaction on S
where a and b label the first and the second sphere respectively, L (a,b) i 's are the generators of rotation in spin l a,b -dimensional representation of SU (2), and Φ is a (2l a +1)×(2l a +1)⊗(2l b +1)×(2l b +1) hermitian matrix. As l a , l b go to infinity, we recover the scalar theory on an ordinary S 2 × S 2 . Actually it is enough to set l a = l b = l and R a = R b = R, and this corresponds in the limit to a noncommutative R 4 with a Euclidean R 2 ×R 2 metric. The general case simply corresponds to different deformation parameters in the two R 2 factors [8] and the extension of all our results to this case is obvious.
Following [7, 2] the field Φ can be expanded in terms of polarization operators [9] as follows
Canonical path integral quantization yields the propagator
The Euclidean "four-momentum" in this setting is given by (11)≡(k 1 , m 1 , p 1 , n 1 ) with "square" (11) 
where
and a similar definition for V 2 (1234, pn).
Using standard perturbation theory, the one-loop correction to the 2-point function [13] is
where the planar contribution is given by
A(a, b),
whereas the non-planar contribution is given by
The symbol {} in B ab (c, d) is the standard 6j-symbol [9] .
For sufficiently large radius R, we can match momenta on S 
In the limit (3) we also have the identity
where d 2 p a = p a dp a dφ a and the angles φ a are defined by φ a = πma a+ 1 2 . It is not difficult to write down how the modes φ amabm b 's, the mass µ l and the coupling constant λ 4 should scale with l in order to obtain correctly the corresponding quantities on the noncommutative R 4 . Finally, by using extensively the identity (valid for l→∞, a << l, 0≤b≤2l and θ→0, see [9] )
one obtains the one-loop effective action [13] 
where 
where P j is the projector on all the modes associated with the eigenvalues k = 0, · · · , j, ∆ is the canonical Laplacian on the fuzzy sphere and [2 √ l] is the integer part of 2 √ l. Thus, in order to obtain the theory corresponding to the flattening limit (3), we must first take ǫ→0 using (15), then proceed with R, l→∞ keeping θ = R/l fixed. In particular, this means that all modes which have momentum greater than j do not propagate on the fuzzy sphere and hence do not contribute in the limit, and as a result the range of integration in (14) is reduced from Λ 2 down to Λ. For example, the planar contribution to the 2-point function has the usual quadratic dependence on the cut-off, i.e.
while the non-planar 2−point function now takes the form
where we have introduced a Schwinger parameter α and used the fact that θ is small (from (13) and in accordance with [6] ) to expand the second integrand around θ = 0 upto the order (θ 2 ) 2 before performing the d 4 k integral. Our convention here is such that B 12 = −1. Clearly in the limit of small momenta E→0, E 2 ln E→0 and the non-planar contribution does not diverge (in fact only the first term in (17) which is actually independent of E survives in this limit) and hence there is no UV-IR mixing. The limit of zero noncommutativity is singular, but this is the same as the divergence in the non-planar 2-point function when the cut-off Λ = 2/θ goes to infinity. Moreover, this divergence is logarithmic and therefore is sub-leading compared to the quadratic divergence in the planar part. In fact, it is not difficult to check that this result holds true for all higher corrections to (17) (which are also down by powers of Λ ) A detailed discussion of this issue will be provided elsewhere.
It is worth pausing here to point out a couple of things. Firstly, in the limit (2) the effective action essentially has the same structure as that of (14) (the scalings for the field and mass are different) and the cut-off diverges. It is a simple exercise to show in particular that the non-planar contribution is singular both at p = 0 and at θ ′ = 0, giving us UV-IR mixing in its usual avatar. Secondly, it is obvious from (17) that the coefficient of E 2 is negative, signaling that the exponent for wave-function renormalization has negative anomalous dimension, and thus suggesting that the system undergoes a first order phase transition. We will not discuss this issue here has it has been investigated by several authors [10, 11] . The use of limit (3) in conjunction with (15) leads to a dramatic modification of the star-product on R 4 θ at short distances, making it effectively local. Using this star-product (which we define below), one obtains the same one-loop effective action (14) by quantizing the action
where * Λ is a non-associative deformation of the usual star product by smearing the usual * -product with δ
δ 4 Λ (y ′ ) tends to the ordinary delta function in the limit Λ→∞ of the commutative plane where the above product also reduces to ordinary point-wise multiplication of functions.
The absence of the UV-IR mixing can also be checked in the 4-point function at one loop. We find that the one-loop correction to the 4-point function has the explicit form δλ 4 (1235) = λ 4 
4! 8δλ
(1)
4 (1235) + 4δλ
4 (1235) + 8δλ
where the indices 4 and 6 refer to internal momenta and the indices 1, 2, 3 and 5 refer to external momenta. The planar amplitudes, in the first R 2 factor for example, are given by
whereas the non-planar amplitudes are given by
Summation over k in above is understood. The functions E's and F 's are given by
k1k2 (k) = (2l + 1) (2k 1 + 1)(2k 2 + 1)
where the symbol in {} with nine entries is the 9j-symbol (see [9] ) while the function δ k can be expressed in terms of Clebsh-Gordon coefficients as δ k 
where ∆λ 4 = 1 48 δλ 4 (1235) + δλ 4 (1235)| t + δλ 4 (1235)| u . Here t and u stand for the t-and u-channel graphs which are to be added to the s-channel graphs (26). The fact that the noncommutative beta function (28) is identical to the commutative beta function means in particular that the limit (3) for small θ behaves indeed as a conventional cut-off and thus the absence of the UV-IR mixing.
